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Abstract. We derive the inclusive breakup cross section of a three-fragment projectile nuclei,
a = b+x1 +x2, in the spectator model. The resulting four-body cross section for observing b, is
composed of the elastic breakup cross section which contains information about the correlation
between the two participant fragments, and the inclusive non-elastic breakup cross section. This
latter cross section is found to be a non-trivial four-body generalization of the Austern formula
[1], which is proportional to a matrix element of the form, 〈ρˆx1,x2 |[Wx1 +Wx2 +W3B ]| ρˆx1,x2〉.
The new feature here is the three-body absorption, represented by the imaginary potential,
W3B . We analyze this type of absorption and supply ideas of how to calculate its contribution.
1. Introduction
The theory of inclusive breakup was developed in the 80’s [1, 2, 3, 4] for a reaction induced by a
two-fragment projectile, a = b+x with b taken as the detected spectator fragment, and x being
the interacting participant fragment. The HM theory was applied to the alpha spectra (b =
α) using the eikonal approximation for the distorted wave in [5]. The IAV and the HM theory
were based on the post form where the interaction is Vxb, while the UT theory is based on the
prior form with the interaction given by Ub + Ux − Ua. The HM expression for the inclusive
non-elastic breakup cross section was further greatly analyzed in [6]. In a recent publication
[7], Potel et al. tested the Surrogate Method [8] in the case of (d, p) reaction on the actinide
nuclei to be used in projected breeder reactors. For this purpose, they employed the theory
of inclusive non-elastic breakup reactions, where the proton is treated as a spectator, merely
scattering off the target, and the neutron is captured by the target. Other papers on the (d, p)
reaction were also published in 2015 dealing with the same issue [9, 10, 11, 12]. Ref. [9] also
discussed the application of this hybrid picture (direct breakup followed by compound nucleus
formation of the subsystem) to the reaction 6Li +209Bi→ α+X, at ELab = 24 MeV and 32 MeV.
At near-barrier energies the three-body Austern formula alluded to above [1] can in principle
calculate the incomplete fusion part of the total fusion cross section. The extension of the
Austern formula to the case of three fragment and Borromean projectiles, such as the weakly
bound stable nucleus 9Be = α+α + n, and Borromean, two-neutron halo, nuclei like 6He = α +
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n + n, 11Li = 9Li + n + n, 14Be = 12Be + n + n, and 22C = 20C + n + n, is certainly important
as more data on these reactions have become available. Data on complete fusion and total fusion
around the Coulomb barrier are currently being obtained and analyzed using the effective two-
body ”four-body” Continuum Discretized Coupled Channels model, which is basically unable
to calculate the incomplete fusion part of the total fusion cross section [16], requiring urgent
derivation and developments of the the four-body inclusive breakup cross section. This is the
purpose of this Contribution.
2. The inclusive breakup of two-fragments projectile cross section within the
spectator model
The formula for the inclusive breakup of a two-fragment projectile has been derived by [1] using
a three-body model. The form of the cross section is,
d2σb
dEbdΩb
=
d2σ
(EB)
b
dEbdΩb
+
d2σ
(INEB)
b
dEbdΩb
(1)
The above formula was derived using a sum rule obtained by [13, 14]. The elastic breakup is
given by,
d2σ
(EB)
b
dEbdΩb
=
2pi
h¯va
ρb(Eb)
∑
kx
∣∣∣〈χ(−)x χ(−)b |Vbx|Ψ(+)0 〉∣∣∣2 δ(E − Eb − Ekx) (2)
The inclusive non-elastic breakup part of the cross section has come to be known as the
Austern formula which involves the reaction cross section of the ”captured” fragment, calculated
with a full three-body scattering wave function [1].
σ2b,INBU
dEbdΩb
= − 2
h¯va
ρb(Eb) 〈ρˆx |Wx| ρˆx〉 (3)
where ρb(Eb) = µbkb/[(2pi)
3h¯2], is the density of states of the observed fragment, b, Wx is the
imaginary part of the xA optical potential, and ρˆx(rx) = (χ
(−)
b |Ψ(+)3B 〉, is the source function of
the participant fragment, x. At much higher deuteron energies or other breaking up projectiles,
researchers relied on the very simple but physically transparent Serber model [15], which is a
natural limiting approximation of the Austern formula.
3. Extension to three-fragments projectiles
As in the derivation of the inclusive breakup cross section for two-fragment projectile, we use
the spectator model to calculate the inclusive breakup cross section of projectiles of the type
a = b+x1+x2, with b representing the spectator, observed, fragment, while x1 and x2 correspond
to the two participating, interacting, fragments. The result of the calculation, given in great
details in [17], is,
d2σb
dEbdΩb
=
d2σEBb
dEbdΩb
+
d2σINBUb
dEbdΩb
(4)
where the four-body elastic breakup cross section is,
d2σEBb
dEbdΩb
=
2pi
h¯va
ρb(Eb)
∑
kX
∣∣∣〈χ3B(−)X χ(−)b |[Vbx1 + Vbx2 ]|Ψ4B(+)0 〉∣∣∣2 δ(E − Eb − EkX ) (5)
and
d2σINEBb
dEbdΩb
=
2
h¯va
ρb(Eb)〈ρˆX |(Wx1 +Wx2 +W3B)|ρˆX〉 (6)
with the source function ρˆX ≡ ρˆx1,x2 given by,
ρˆX(rx1 , rx1) = (χ
(−)
b |Ψ4B(+)0 〉 =
∫
drb(χ
(−)
b (rb))
†Ψ4B(+)0 (rb, rx1 , rx1) (7)
Eq. (6) is referred to here as the Carlson-Frederico-Hussein (CFH) cross section. The elastic
breakup component of the cross section, Eq. (5), contains in the final state the distorted wave
of the observed fragment, b, and the full scattering wave function of the x1 + x2 system in
the potential Ux1 + Ux2 + Vx1,x2 . Thus the four-body EBU cross section contains invaluable
information about the X ≡ x1 + x2 correlation both in the full incident 4B scattering wave
function and the final x1 + x2 wave function, χ
3B(−)
X . The Inclusive non-elastic breakup piece
(INBU), the CFH cross section, d
2σINBU
dEbdΩb
, Eq.(6), contains the four-body source function ρˆX , the
density of states of the observed b fragment, and the imaginary potential of the 3B, x1 +x2 +A,
system, Wx1 +Wx2 +W3B. with the genuine 3B imaginary potential representing the absorption
of the two interacting fragments. The CFH cross section can be expressed in terms of a 4B
reaction cross section as,
d2σINEBb
dEbdΩb
= ρb(Eb)σR,4B (8)
σR,4B =
2
h¯va
〈ρˆX |(Wx1 +Wx2 +W3B)|ρˆX〉 = σR,x1 + σR,x2 + σR,3B (9)
where σR,3B = (2/h¯va)〈ρˆX |W3B|ρˆX〉. This 3B absorptive potential, W3B, is an hitherto not
well studied one [18] and corresponds to the principal result of this Contribution. The detailed
derivation of this potential, as well as the interpretation of its structure are given in [17]. Its
leading contribution corresponds to the excitation of the target by one of the fragments and its
de-excitation by the other fragment as represented schematically in Fig. 1.
Figure 1. Representation of the leading term in the 3-body absorptive component W3B.
4. DWBA analysis of the 4-body inclusive breakup cross section
In the two-fragments projectiles case, the 3-body wave function was expanded in terms of dis-
torted waves and the post interaction. The leading term came to be known as the Ichimura-
Austern-Vincent (IAV) cross section [2]. Using the prior form for the interaction, the lead-
ing DWBA breakup cross section was derived by Udagawa and Tamura (UT) [3]. Finally
using the post form for the interaction but using the DWBA wave function to replace the
3-body wave function Ψ
(+)
3B in Eq. (3), Hussein and McVoy (HM) derived their HM cross
section [4]. It was later shown through use of the Faddeev equations and other techniques
[19, 20], that the source function ρˆ
(+)
x ≈ ρˆ(+)x,IAV = G(+)x (χ(−)b |Vxb|χ(+)a φa〉, can be written as,
ρˆ
(+)
x,IAV (rx) = ρˆ
(+)
x,UT(rx) + ρˆ
(+)
x,HM(rx), where ρˆ
(+)
x,UT (rx) = G
(+)
x (χ
(−)
b |[Ub + Ux −Ua]|χ(+)x φa〉,
and ρˆ
(+)
x,HM = (χ
(−)
b |χ(+)a φa〉. Accordingly the INBU cross section acquires a form composed of
three terms; the UT cross section plus the HM cross section plus the interference term. The
relative importance of these components was discussed in [10].
A similar DWBA analysis of the four-body cross section, the CFH equation, Eq. (6), would
require the use of the Faddeev-Yakubosky equations [21] for the 4B wave function Ψ
4B(+)
0 . The
leading term in the dominant component of the FY equations would result in a the four-body
equivalent of the IAV, the UT and the HM cross sections. This analysis is in progress and will
be reported in a future publication. The four-body HM cross section is, on the other hand,
easy to derive. It hinges on approximating the 4-body scattering wave function, Ψ
4B(+)
0 by the
DWBA distorted wave times the ground state wave function of the projectile. The 4B inclusive
non-elastic breakup theory discussed above, Eqs. (6, 7), namely the CFH cross section, is po-
tentially important for reactions involving Borromean nuclei as well in reactions involving the
transfer of two neutrons and the population of Giant Pairing Vibration states [22]. The capture
or transfer of the two neutrons is accounted for by the 3B absorptive potential, W3B, and the
strength of this transition is measured by the value of σR,3B.
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